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Abstrat
We prove birational superrigidity of diret produts V =
F1 × . . . × FK of primitive Fano varieties of the following
two types: either Fi ⊂ P
M
is a general hypersurfae of de-
gree M , M ≥ 6, or Fi
σ
→ PM is a general double spae of
index 1, M ≥ 3. In partiular, eah struture of a rationally
onneted fiber spae on V is given by a projetion onto a di-
ret fator. The proof is based on the onnetedness priniple
of Shokurov and Kollar and the tehnique of hypertangent
divisors.
Introdution
0.1 Fano diret produts
A smooth projetive variety F is a primitive Fano variety, if PicF = ZKF , the antianonial
lass (−KF ) is ample and dimF ≥ 3. Typial examples of primitive Fano varieties are given
by smooth omplete intersetions of index 1 in the (weighted) projetive spaes (in dimension
4 there are no other examples). The most visual examples are Fano hypersurfaes Xd ⊂ P
d
,
degXd = d, d ≥ 4 and Fano double spaes σ:X → P
d
, branhed over a smooth hypersurfae
W2d ⊂ P
d
of degree 2d.
It is known (see, for instane, [1,13,14,22-26,28,29,31,33,34℄), that typial primitive Fano
varieties (in dimension ≥ 4 probably all primitive Fano varieties) are birationally rigid, in par-
tiular, they annot be fibered by a non-trivial rational map into rationally onneted varieties
(for the preise definition, see below). The aim of this paper is to desribe birational geometry
of diret produts of the form
V = F1 × . . .× FK ,
1
K ≥ 2, where Fi are primitive Fano varieties. We will prove that provided that the diret
fators Fi satisfy ertain onditions, all strutures of rationally onneted fibrations on V are
given by the projetions V → Fi1 × . . .× Fik onto diret fators. More preisely, the variety V
itself is birationally rigid.
Roughly speaking, the variety V an be reonstruted from its field of rational funtions
C(V ) (we work over the ground field of omplex numbers C). The onditions that we have to
impose on the diret fators Fi are very strong. In this paper, we show that suffiiently general
(in the sense of Zariski topology) Fano hypersurfaes Xd ⊂ P
d
, d ≥ 6, and Fano double overs
of index 1 satisfy these onditions.
0.2 Birational rigidity and superrigidity
For a smooth projetive variety X denote by AiX the group of lasses of yles of odimension
i modulo rational equivalene. In partiular, A1X ∼= PicX is the Piard group. Set
A1+X ⊂ A
1X ⊗ R
to be the losed one of pseudoeffetive lasses, that is, the smallest losed one ontaining the
lasses of all effetive divisors. Assume that the variety X is rationally onneted [9,16℄. For
an effetive divisor D on X define its threshold of anonial adjuntion by the formula
c(D) = c(D,X) = sup{ε ∈ Q+|D + εKX ∈ A
1
+X}, (1)
where KX is the anonial lass. For an arbitrary non-empty linear system Σ on X we write
c(Σ) = c(D), where D ∈ Σ is an arbitrary divisor. For a movable linear system Σ we define its
virtual threshold of anonial adjuntion by the formula
cvirt(Σ) = inf
X˜→X
{c(Σ˜, X˜)},
where the infimum is taken over all sequenes of blow ups X˜ → X with non-singular entres
(or, equivalently, over all birational morphisms of smooth varieties X˜ → X) and Σ˜ is the strit
transform of the system Σ on X˜.
Definition 1. (i) The variety X is said to be birationally superrigid, if for any movable
linear system Σ on X the equality
c(Σ) = cvirt(Σ)
holds.
(ii) The variety X is said to be birationally rigid, if for any movable linear system Σ there
exists a birational self-map χ ∈ BirX suh that
cvirt(Σ) = c(χ
−1
∗ Σ).
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Here χ−1∗ Σ means the strit transform of the system Σ with respet to χ.
Remark 1. The virtual threshold of anonial adjuntion is birationally invariant in the
following sense: let
χ:X1 − − → X2
be a birational map, Σi moving linear system on Xi, i = 1, 2, and moreover, Σ1 the strit
transform of Σ2 with respet to χ. Then
cvirt(Σ1) = cvirt(Σ2),
although the atual thresholds c(Σ1) and c(Σ2) should not be the same.
Remark 2. Let pi:X → S be a rationally onneted fiber spae, that is, for a general point
z ∈ S the fiber pi−1(z) is a rationally onneted variety. Assume that the base S is non-trivial
(that is, dimS ≥ 1) and
Σ = pi∗Λ
is the pull bak of a linear system Λ on S. It is easy to see that
c(Σ) = 0,
sine KX is negative on the fibers of pi. Therefore,
cvirt(Σ) = c(Σ) = 0.
Thus if on a rationally onneted variety X there is a struture of a rationally onneted fiber
spae (that is, a non-trivial rational map ϕ:X− − → S, the general fiber of whih is rationally
onneted), then on X there is a movable linear system Σ, satisfying the equality cvirt(Σ) = 0.
In partiular, if the variety X is birationally rigid and there is a non-trivial struture of a
rationally onneted fiber spae on X , then there is a movable linear system Σ satisfying the
equality c(Σ) = 0. For trivial reasons, on a primitive Fano variety F there is no suh systems.
Therefore, birationally rigid primitive Fano varieties do not admit non-trivial strutures of a
rationally onneted fiber spae.
The first example of a birationally rigid (in fat, superrigid) primitive Fano variety was
given by the theorem of V.A.Iskovskikh and Yu.I.Manin on the three-dimensional quartis [14℄.
The method of proving it (the method of maximal singularities) later aumulated a number
of new ideas and was onsiderably improved. The word ombination birational rigidity was
introdued in the late 80ies, see Se. 0.7 below.
0.3 The main result
Definition 2. We say that a primitive Fano variety F is divisorially anonial, or satisfies the
ondition (C) (respetively, is divisorially log anonial, or satisfies the ondition (L)), if for
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any effetive divisor D ∈ | − nKF |, n ≥ 1, the pair
(F,
1
n
D) (2)
has anonial (respetively, log anonial) singularities. If the pair (2) has anonial singularities
for a general divisor D ∈ Σ ⊂ | − nKF | of any movable linear system Σ, then we say that F
satisfies the ondition of movable anoniity, or the ondition (M).
Expliitly, the ondition (C) is formulated in the following way: for any birational morphism
ϕ: F˜ → F and any exeptional divisor E ⊂ F˜ the following inequality
νE(D) ≤ na(E) (3)
holds. The inequality (3) is opposite to the lassial Noether-Fano inequality [14,25,26,34℄. The
ondition (L) is weaker: the inequality
νE(D) ≤ n(a(E) + 1) (4)
is required. In (3) and (4) the number a(E) is the disrepany of the exeptional divisor E ⊂ F˜
with respet to the model F . The inequality (4) is opposite to the log Noether-Fano inequality.
The ondition (M) means that (3) holds for a general divisor D of any movable linear system
Σ ⊂ | − nKF | and any disrete valuation νE .
It is well known (essentially starting from the lassial paper of V.A.Iskovskikh and Yu.I.Manin
[14℄) that the ondition (M) ensures birational superrigidity. This ondition is proved for many
lasses of primitive Fano varieties, see [14,22,23,28,31,34℄. Note also that the ondition (C) is
stronger than both (L) and (M).
Now let us formulate the main result of the present paper.
Theorem 1. Assume that primitive Fano varieties F1, . . . , FK, K ≥ 2, satisfy the onditions
(L) and (M). Then their diret produt
V = F1 × . . .× FK
is birationally superrigid.
Remark 3. For K = 1 the laim of the theorem is obviously true (the ondition (M)
suffies).
Corollary 1. (i) Every struture of a rationally onneted fiber spae on the variety V
is given by a projetion onto a diret fator. More preisely, let β:V ♯ → S♯ be a rationally
onneted fiber spae and χ:V − − → V ♯ a birational map. Then there exists a subset of
indies
I = {i1, . . . , ik} ⊂ {1, . . . , K}
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and a birational map
α:FI =
∏
i∈I
Fi − − → S
♯,
suh that the diagram
V
χ
−− → V ♯
piI ↓ ↓ β
FI
α
−− → S♯
ommutes, that is, β◦χ = α◦piI , where piI :
K∏
i=1
Fi →
∏
i∈I
Fi is the natural projetion onto a diret
fator. In partiular, the variety V admits no strutures of a fibration into rationally onneted
varieties of dimension smaller than min{dimFi}. In partiular, V admits no strutures of a
oni bundle or a fibration into rational surfaes.
(ii) The groups of birational and biregular self-maps of the variety V oinide:
Bir V = AutV.
In partiular, the group Bir V is finite.
(iii) The variety V is non-rational.
Remark 4. The group of biregular automorphisms Aut V is easy to ompute. Let us break
the set F1, . . . , FK into subsets of pair-wise isomorphi varieties:
I = {1, . . . , K} =
l∨
k=1
Ik,
where Fi ∼= Fj if and only if {i, j} ⊂ Ik for some k ∈ {1, . . . , l}. It is easy to see that
Aut V =
l∏
j=1
Aut(
∏
i∈Ij
Fi).
In partiular, if the varieties F1, . . . , FK are pair-wise non-isomorphi, we get
AutV =
K∏
i=1
AutFi
(and this group ats on V omponent-wise). In the opposite ase, if
F1 ∼= F2 ∼= . . . ∼= FK ∼= F,
we obtain the exat sequene
1→ (AutF )×K → Aut V → SK → 1,
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where SK is the symmetri group of permutations of K elements. In fat, in this ase Aut V
ontains a subgroup isomorphi to SK whih permutes diret fators of V , so that Aut V is a
semi-diret produt of the normal subgroup (AutF )×K and the symmetri group SK .
It seems that the following generalization of Theorem 1 is true.
Conjeture 1. Assume that F1, . . . , FK are birationally (super)rigid primitive Fano vari-
eties. Then their diret produt V = F1 × . . .× FK is birationally (super)rigid.
0.4 Divisorially anonial varieties
Let P = PM , M ≥ 3, be the omplex projetive spae. Set
F = P(H0(P,OP(M))), W = P(H
0(P,OP(2M)))
be the spaes of hypersurfaes of degrees M and 2M , respetively.
Theorem 2. (i) For M ≥ 6 there exists a non-empty Zariski open subset Freg ⊂ F suh
that any hypersurfae F ∈ Freg is non-singular and satisfies the ondition (C).
(ii) There exists a non-empty Zariski open subset Wreg ⊂ W suh that for any W ∈ Wreg
the Fano double spae σ:F → P, branhed over the hypersurfae W , satisfies the ondition
(C).
The sets of regular hypersurfaes Freg,Wreg are expliitly desribed in Se. 2.1 and 2.2, and
their non-emptiness is proved in Se. 2.3. It seems that the following generalization of Theorem
2 is true.
Conjeture 2. A general element F ∈ Φ of any family of primitive Fano omplete interse-
tions Φ in a weighted projetive spae satisfies the ondition (C). In partiular, this ondition
is satisfied for a general quarti F = F4 ⊂ P
4
and a general quinti F = F5 ⊂ P
5
.
0.5 The sheme of the proof and the struture of the paper
Theorem 1 is proved by indution on the number of fatorsK. ForK = 1, as we have mentioned
above, the laim of the theorem holds in a trivial way. So assume that K ≥ 2.
Assume the onverse: there is a moving linear system Σ on V suh that the inequality
cvirt(Σ) < c(Σ)
holds. By the definition of the virtual threshold of anonial adjuntion it means that there
exists a sequene of blow ups ϕ: V˜ → V suh that the inequality
c(Σ˜) < c(Σ) (5)
holds, where Σ˜ is the strit transform of the linear system Σ on V˜ .
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To prove Theorem 1, we must show that the inequality (5) is impossible, that is, to obtain
a ontradition.
Let Hi = −KFi be the positive generator of the group PicFi. Set
Si =
∏
j 6=i
Fi,
so that V ∼= Fi×Si. Let ρi:V → Fi and pii:V → Si be the projetions onto the fators. Abusing
our notations, we write Hi instead of ρ
∗
iHi, so that
PicV =
K⊕
i=1
ZHi
and
KV = −H1 − . . .−HK .
We get
Σ ⊂ |n1H1 + . . .+ nKHK |,
whereas
c(Σ) = min{n1, . . . , nK}.
Without loss of generality we assume that c(Σ) = n1. By the inequality (5) we get n1 ≥ 1. Set
n = n1, pi = pi1, F = F1, S = S1. We get
Σ ⊂ | − nKV + pi
∗Y |,
where Y =
K∑
i=2
(ni − n)Hi is an effetive lass on the base S of the fiber spae pi.
Now we need to modify the birational morphism ϕ. Here our arguments are similar to the
proof of the Sarkisov theorem [38,39℄. For an arbitrary sequene of blow ups µS:S
+ → S we
set V + = F × S+ and obtain the following ommutative diagram:
V +
µ
→ V
pi+ ↓ ↓ pi
S+
µS→ S,
(6)
where pi+ is the projetion and µ = (idF , µS). Let E1, . . . , EN ⊂ V˜ be all exeptional divisors
of the morphism ϕ.
Proposition 1. There exists a sequene of blow ups µS:S
+ → S suh that in the notations
of the diagram (6) the entre of eah disrete valuation Ei, i = 1, . . . , N , overs either S
+
or
a divisor on S+:
codim[pi+(centre(Ei, V
+))] ≤ 1.
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Let Σ+ be the strit transform of the linear system Σ on V +. Now the arguments break into
two parts due to the following fat.
Proposition 2. The following alternative holds:
(i) either the inequality c(Σ+) < c(Σ) is true,
(ii) or for a general divisor D+ ∈ Σ+ the pair
(V +,
1
n
D+)
is not anonial, and moreover, for some i = 1, . . . , N the disrete valuation Ei determines a
non-anonial singularity of this pair.
Remark 5. The alternative of Proposition 2 should be understood in the and/or sense:
at least one of the two possibilities (i), (ii) takes plae (or both).
Now the proof of Theorem 1 is ompleted in the following way. If the situation (i) takes
plae, then we show that the variety S is not birationally superrigid, whih ontradits to the
indution hypothesis, sine S is a diret produt of K − 1 Fano varieties. On the other hand,
if the ase (ii) holds, then by inversion of adjuntion, whih follows from the Shokurov-Kollar
onnetedness priniple, we obtain a ontradition with the ondition (L) for the fiber F . Now
the proof of Theorem 1 is omplete.
The sheme of arguments desribed above is realized in full detail in Se. 1. The subsequent
struture of the paper is as follows. In Se. 2 we prove Theorem 2. In Se. 2.1 we desribe the
regularity onditions, defining the open set Freg and prove divisorial anoniity of hypersurfaes
FM ⊂ P
M
, M ≥ 6, FM ∈ Freg. In Se. 2.2 we desribe the regularity onditions, defining
the open set Wreg and prove divisorial anoniity of double spaes F → P
M
, branhed over
hypersurfaes W ∈ Wreg. In Se. 2.3 it is proved that the sets Freg, Wreg are non-empty (for
Freg it is not quite obvious). For the hypersurfaes the proof is based on the tehnique of
hypertangent divisors [28,31,34℄.
The sheme of our proof of Theorem 2 is as follows. Assume that the pair (F, 1
n
D) is not
anonial, where D ∈ | − nKF |, n ≥ 1, F is a regular Fano hypersurfae or a double spae. It
is easy to show that the entre of a non-anonial singularity is a point x ∈ F . By inversion of
adjuntion one obtains
Proposition 3. Let ϕ: F˜ → F be the blow up of the point x, E ⊂ F˜ the exeptional divisor.
For some hyperplane B ⊂ E the inequality
multxD +multB D˜ > 2n (7)
holds, where D˜ ⊂ F˜ is the strit transform of the divisor D.
If F is a double spae, then it is not hard to hek that the inequality (7) is impossible
for an effetive divisor D ∈ | − nKF |. If F ⊂ P
M
is a Fano hypersurfae, the ontradition is
obtained by means of a (modified) tehnique of hypertangent divisors [28,31,34℄.
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Setion 3 ontains a proof of Proposition 3. There we also disuss briefly the onneted-
ness priniple and inversion of adjuntion in the form in whih we need these fats. For a
detailed exposition of these fundamental results, see the original work [15,40℄. We inlude a
brief explanation of these fats in this paper beause of their importane.
0.6 Remarks
(i) Repeating the proof of Theorem 1 word for word, one an obtain a stronger fat, that is,
the oinidene cvirt(D) = c(D) of the virtual and atual thresholds of anonial adjuntion for
an arbitrary irreduible divisor D on V . The irreduibility is essential. It is in this way that
we argued in the first version of this paper [37℄. However, in [37℄ instead of the termination
of anonial adjuntion in the sense of the formula (1) we used a formally stronger ondition
that for some ε ∈ Q and a sequene of blow ups V˜ → V the lass D˜ + εKV˜ is negative on the
urves from some family sweeping out V˜ . This approah does not give birational superrigidity,
but makes it possible to desribe (exatly in the same way as in this paper) all strutures of a
rationally onneted fiber spae on V . In partiular, it gives all the laims of Corollary 1. Proof
of Theorem 2 is ompletely the same as in [37℄.
(ii) Let us emphasize some points where the present paper differs from the previous papers
on this subjet. It is natural to all the method we use here linear, in ontrast to the quadrati
method of the previous papers: we study singularities of a single divisor D, whereas in the
above-mentioned papers the main step was to onstrut the self-intersetion of a moving linear
system Σ, that is, the effetive yle Z = (D1 ◦ D2) of odimension two, where Di ∈ Σ are
general divisors.
Another point where the present paper differs from the previous ones is that here we for
the first time study Fano fiber spaes with the base and the fiber of arbitrary dimension: in
Sarkisov's papers [38,39℄ the fiber is one-dimensional, in [10-12,27,30,35,36,41,42℄ the base is
one-dimensional, that is, P1.
Finally, note that the starting point of the previous papers was a ondition of suffiient
twistedness of a Fano fiber spae over the base (the Sarkisov ondition for oni bundles, the
K2-ondition for Fano fiber spaes over P1), whereas diret produts are not twisted over the
base at all.
(iii) The tehnique developed in this paper opens new ways of studying movable linear
systems on Fano fiber spaes V/P1. If F = Ft, t ∈ P
1
, the fiber over the point t, satisfies the
ondition (L), then the linear system
Σ ⊂ | − nKV + lF |
with l ∈ Z+ does not admit a maximal singularity E, the entre of whih B = centre(E, V ) is
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ontained in the fiber F . This remark demonstrates the power of the linear method ompared
to the quadrati one. On the other hand, it is not easy to prove the ondition (L). The method,
developed in this paper for that purpose, requires stronger onditions of general position than
those used for the quadrati method.
Another differene of the linear method from the quadrati one is that it applies to the
trivial fibrations V = F ×P1, where F is a primitive Fano variety. Further improvement of the
ideas developed in this paper makes it possible to prove that if F satisfies the ondition (C),
then on V there is only one oni bundle struture, given by the projetion V → F , whereas
all other non-trivial strutures of a rationally onneted fiber spae are Bir V -equivalent to the
fibration F × P1 → P1 (that is, to the projetion onto the diret fator). The group Bir V up
to the finite group AutF ⊂ Aut V oinides with the group AutP1
C(F ) = PGL(2,C(F )) of the
frational-linear transformations over the field of rational funtions C(F ). The proof will be
given elsewhere.
0.7 Historial remarks and aknowledgements
The phenomenon of birational rigidity was guessed by Fano [5-7℄, when he tried to study
birational geometry of three-folds by analogy with surfaes. Fano used termination of anonial
adjuntion whih already showed itself as a ruial point in the proof of the Noether theorem on
the Cremona group BirP2 and in the theorems of Italian shool (for instane, the Castelnuovo
rationality riterion). A preimage of the onept of maximal singularity is also present in Fano's
papers. However, Fano failed to obtain any more or less omplete proofs.
In the modern age of algebrai geometry the outlines of the theory of birational rigidity
were drawn in the papers of Yu.I.Manin on surfaes over non-losed fields, see [18-20℄, where,
in partiular, it was proved (using earlier results of B.Segre) that del Pezzo surfaes of degree
1 with the Piard group Z are birationally superrigid (in the modern terminology) and ubi
surfaes with the Piard group Z are birationally rigid, and the groups of birational self-maps
of these surfaes were omputed. In the papers [19,20℄ an oriented graph was assoiated with
a finite sequene of blow ups. Its ombinatorial invariants are of extreme importane for the
tehnique of ounting multipliities [26,28,32,34℄. The onstrution of this graph appears in
almost all papers on this subjet. It is used in the present paper, too, when we study a non log
anonial singularity (Se. 3.3).
The breakthrough into three-dimensional birational geometry was made in the paper of
V.A.Iskovskikh and Yu.I.Manin [14℄, where they proved (in the modern terminology) that three-
dimensional quartis in P4 are birationally superrigid. Formally speaking, it is proved in [14℄
that a birational map of a smooth quarti onto another one is a biregular isomorphism, however
the arguments of that paper do need any modifiation for proving birational superrigidity. In
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[14℄ it is pointed out that the method of the paper (without any improvements) gives a similar
result for smooth double spaes of index 1 and dimension three. A slightly more sophistiated
tehnique (untwisting of maximal lines) gives birational rigidity of smooth double quadris of
index 1 and dimension three (however, they are not superrigid, the group of birational self-maps
is fairly big). Detailed proofs for these two lasses of Fano three-folds were published in [13℄.
The next step was made by Sarkisov in [38,39℄. Using the results of Iskovskikh on the
surfaes with a penil of rational urves, Sarkisov proved that the struture of a oni bundle
is unique if the disriminant divisor is suffiiently big (the Sarkisov ondition). Again, in fat
it was birational rigidity that he proved, but the very onept did not exist yet.
The first attempt to extend the three-dimensional tehnique of Iskovskikh and Manin in-
to arbitrary dimension was made by the author of this paper in [22,23℄. In the same years,
birational geometry of a three-dimensional quarti with a non-degenerate double point was
desribed [24℄. However, the proofs were turning more and more ompliated and diffiult to
understand. The methods needed to be improved. Besides, by mid-80ies it was already lear,
that for all those varieties that were suessfully studied (quartis, quintis, double spaes and
double quadris, oni bundles) one and the same property was proved. However, that property
was not expliitly formulated. The question was, what sort of property it was?
Trying to give an answer to this question, the author of the present paper introdued the
onepts birational rigidity and birational superrigidity. The first, rather awkward, defini-
tions of these onepts were given in the author's talk at a onferene at Warwik university in
1991 and published in [25℄. These definitions were subsequently modified several times; quite
probably, the urrent version (Definition 1 above) is not final, either. In the end of 90ies Corti
and Reid introdued another version of these onepts, based on the geometri properties of
birationally (super)rigid varieties [1-3℄.
During the last deade, the tehniques of proving birational (super)rigidity have been rad-
ially improved. First of all, the method of hypertangent divisors made it possible to work
with Fano varieties of arbitrarily high degree [28,29,31,34℄. Furthermore, in [1℄ Corti suggested
to use inversion of adjuntion, whih is based on the Shokurov-Kollar onnetedness prini-
ple (whih, in its turn, is based on the Kawamata-Viehweg vanishing theorem), for studying
self-intersetion of movable linear systems, as an alternative to the tehnique of ounting mul-
tipliities (developed in [26℄ on the basis of the test lass method [14℄). Thus in [1℄ inversion of
adjuntion was first used in the theory of birational rigidity. This approah turned out to be
quite effetive for ertain types of maximal singularities of linear systems. Finally, the simple
idea of breaking the self-intersetion of a linear system into the horizontal and vertial parts
[27℄ opened the way to a systemati study of Fano fiber spaes over P1 [10-12,30,35,36,41,42℄.
As a result, the method of studying birational geometry of rationally onneted varieties
via investigating singularities of the orresponding movable linear systems, whih we for the
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traditional reasons all the method of maximal singularities, nowadays works for a large lass
of higher-dimensional Fano varieties and Fano fiber spaes and hopefully will make the basis
of birational lassifiation of higher-dimensional rationally onneted varieties.
The main result of this paper was obtained by the author in Otober 2003 during a researh
stay at Max-Plank-Institut fur Mathematik in Bonn. The first version of the paper, [37℄, was
ompleted in April 2004 in Liverpool. The author is very grateful to the Max-Plank-Institut
for the exellent onditions of work and hospitality.
1 Birationally rigid diret produts
In this setion we prove Theorem 1.
1.1 Resolution of singularities
Let us prove Proposition 1. Let E ⊂ V˜ be the exeptional divisor of the birational morphism
ϕ: V˜ → V , B = ϕ(E) the entre of the disrete valuation E on V . Assume that
codimS pi(B) ≥ 2.
Construt a sequene of ommutative diagrams
Vj
εj
→ Vj−1
pij ↓ ↓ pij−1
Sj
λj
→ Sj−1 ,
(8)
where j = 1, . . . , l, satisfying the following onditions:
(1) V0 = V , S0 = S, pi0 = pi;
(2) Vj = F × Sj, pij is the projetion onto the fator Sj , εj = (idF , λj) for all j ≥ 1;
(3) λj is the blow up of the irreduible subvariety
Bj−1 = pij−1(centre(E, Vj−1)) ⊂ Sj−1,
where codimBj−1 ≥ 2.
It is obvious that the properties (1)-(3) determine the sequene (8).
Lemma 1. The following inequality holds: l ≤ a(E, V ).
Proof. Let ∆j ⊂ Vj be the exeptional divisor of the morphism εj. By onstrution we get
centre(E, Vj) ⊂ ∆j ,
so that
νE(∆j) ≥ 1.
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Now we obtain
a(E, V ) = a(E, Vl) +
l∑
j=1
νE(∆j)a(∆j , V ) ≥ l.
Q.E.D. for the lemma.
Therefore the sequene of diagrams (8) is finite: we may assume that centre(E, Vl) overs a
divisor on the base Sl.
From this fat (by the Hironaka theorem on the resolution of singularities) Proposition 1
follows immediately.
Proof of Proposition 2. We use the notations of Se. 0.5. Consider the diagram (6).
Let
τ :V ♯ → V +
be the resolution of singularities of the omposite map
V +
µ
→ V
ϕ−1
→ V˜ .
Set ψ = ϕ−1 ◦ µ ◦ τ :V ♯ → V˜ . There exist an open set U ⊂ V ♯ and a losed set of odimension
two Y ⊂ V˜ suh that
ψU = ψ|U :U → V˜ \ Y
is an isomorphism. Obviously, if E ⊂ V ♯ is an exeptional divisor of the morphism τ and
E ∩ U 6= ∅, then
E ∩ U = ψ−1U (Ei)
for some exeptional divisor Ei of the morphism ϕ.
Let Σ+ and Σ♯ be the strit transforms of the linear system Σ on V + and V ♯, respetively,
ΣU = Σ
♯|U . If D
♯ ∈ Σ♯ is a general divisor, then
D˜ = ψU (D
♯
U) ∈ Σ˜
is a general divisor of the linear system Σ˜ (we make no differene between Σ˜ and its restrition
onto V˜ \ Y , sine the set Y is of odimension two). We know that
D˜ + nKV˜ /∈ A
1
+V˜ ,
see (5). Therefore,
D♯U + nKU /∈ A
1
+U. (9)
Let E be the set of exeptional divisors of the morphism τ with a non-empty intersetion with
U . By (9) we get
τ ∗(D+ + nK+)|U −
∑
E∈E
(νE(D
+)− na+(E))EU /∈ A
1
+U,
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where K+ is the anonial lass of V +, a+(E) = a(E, V +). Consequently, either
D+ + nK+ /∈ A1+V
+,
and we are in the ase (i) of Proposition 2, or there exists an exeptional divisor E ∈ E ,
satisfying the Noether-Fano inequality
νE(D
+) > n · a+(E),
that is, the disrete valuation E realizes a non-anonial singularity of the pair (V +, 1
n
D+). In
the latter ase we get part (ii) of the alternative of Proposition 2, sine E ∈ E and thus E = Ei
for some i = 1, . . . , N (as disrete valuations). Q.E.D. for Proposition 2.
1.2 Redution to the base
Assume that the ase (i) of the alternative of Proposition 2 takes plae, that is, D+ + nK+ /∈
A1+V
+
. Let z ∈ F be a point of general position. Set
S+z = {z} × S
+, Sz = {z} × S.
It is lear that K+z = K
+|S+z and Kz = KV |Sz are the anonial lasses K
+
S = KS+ and KS,
respetively. Let
Σz = Σ|Sz and Σ
+
z = Σ
+|S+z
be the restrition of the linear systems Σ, Σ+ onto Sz and S
+
z . Take general divisors Dz ∈ Σz
and D+z ∈ Σ
+
z . We get a movable linear system Σz on the variety S = F2× . . .×FK . Moreover,
Σz ⊂ |n2H2 + . . .+ nKHK |,
so that c(Σz) = min{n2, . . . , nK} ≥ n = c(Σ).
Lemma 2. The following estimate holds:
D+ + nK+ = pi∗+(D
+
z + nK
+
z )
Proof. Set ES to be the set of exeptional divisors of the morphism µS. The exeptional
divisors of the morphism µ are F × E = pi∗+E for E ∈ ES. We get
K+S = µ
∗
SKS +
∑
E∈ES
aEE
and
K+ = µ∗KV + pi
∗
+(
∑
E∈ES
aEE),
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where aE = a(E) is the disrepany of the divisor E. For some numbers bE ≥ 0 we get
D+ = µ∗D −
∑
E∈ES
bEpi
∗
+E,
whereas for a point z ∈ F of general position
D+z = µ
∗
SDz −
∑
E∈ES
bEE.
Now taking into aount that D+nKV = pi
∗Y and Dz +nKz = Dz +nKS = Y , we obtain the
laim of the lemma.
Corollary 2. D+z + nK
+
z /∈ A
1
+S
+
Proof. Indeed, it is lear that
pi∗+A
1
+S
+ ⊂ A1+V
+.
Q.E.D. for the orollary.
Thus for the strit transform Σ+z of the linear system Σz on S
+
we get the inequality
c(Σ+z ) < c(Σz).
The more so, cvirt(Σz) < c(Σz). Therefore the variety S is not birationally superrigid. This
ontradits the indution hypothesis.
1.3 Redution to the fiber
By Proposition 2 and Se. 1.2 for a general divisorD+ ∈ Σ+ the pair (V +, 1
n
D+) is not anonial,
that is, there exists a birational morphism V ♯ → V + and an exeptional divisor E ⊂ V ♯,
satisfying the Noether-Fano inequality νE(Σ
+) > n · a+E , where a
+
E = a(E, V
+). Moreover, we
an assume that the entre B = centre(E, V ) of the valuation E overs a divisor on the base
or the whole base: codimS+ T ≤ 1, where T = pi+(B).
Let t ∈ T be a point of general position. The fiber Ft = pi
−1
+ (t) annot lie entirely in the
base set BsΣ+ of the moving linear system Σ+, sine
codimV + pi
−1
+ (T ) ≤ 1.
Therefore, Σ+t = Σ
+|Ft is a non-empty linear system on F , Σ
+
t ⊂ |nH| = |−nKF | (if T ⊂ S
+
is
a divisor, then Σ+t an have fixed omponents). Let D
+
t ∈ Σ
+
t be a general divisor. By inversion
of adjuntion, see [15℄ and Se. 3.2 below, the pair
(F,
1
n
D+t )
is not log anonial. We get a ontradition with the ondition (L). This ontradition ompletes
the proof of Theorem 1.
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1.4 The strutures of a rationally onneted fiber spae
Let us prove the laim (i) of Corollary 1. Let β:V ♯ → S♯ be a rationally onneted fiber spae,
χ:V − − → V ♯ a birational map. Take a very ample linear system Σ♯S on the base S
♯
and let
Σ♯ = β∗Σ♯S
be a movable linear system on V ♯. As we have mentioned above (Remark 2), c(Σ♯) = 0. Let Σ
be the strit transform of the system Σ♯ on V . By our remark,
cvirt(Σ) = 0,
so that by Theorem 1 we onlude that c(Σ) = 0. Therefore, in the presentation
Σ ⊂ | − n1H1 − . . .− nKHK |
we an find a oeffiient ne = 0. We may assume that e = 1. Setting S = F2 × . . . × FK and
pi:V → S to be the projetion, we get
Σ ⊂ |pi∗Y |
for a non-negative lass Y on S. But this means that the birational map χ of the fiber spae
V/S onto the fiber spae V ♯/S♯ is fiber-wise: there exists a rational dominant map
γ:S − − → S♯,
making the diagram
V
χ
−− → V ♯
pi ↓ ↓ β
S
γ
−− → S♯
ommutative. For a point z ∈ S♯ of general position let F ♯z = β
−1(z) be the orresponding fiber,
F χz ⊂ V its strit transform with respet to χ. By assumption, the variety F
χ
z is rationally
onneted. On the other hand,
F χz = pi
−1(γ−1(z)) = F × γ−1(z),
where F = F1 is the fiber of pi. Therefore, the fiber γ
−1(z) is also rationally onneted.
Thus we have redued the problem of desription of rationally onneted strutures on V
to the same problem for S. Now the laim (i) of Corollary 1 is easy to obtain by indution on
the number of diret fators K. For K = 1 it is obvious that there are no non-trivial rationally
onneted strutures (Remark 2). The seond part of the laim (i) (about the strutures of oni
bundles and fibrations into rational surfaes) is obvious sine dimFi ≥ 3 for all i = 1, . . . , K.
Non-rationality of V is now obvious.
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1.5 Birational self-maps
Let us prove the laim (ii) of Corollary 1. SetRC(V ) to be the set of all strutures of a rationally
onneted fiber spae on V with a non-trivial base. By the part (i) we have
RC(V ) = {piI :V → FI =
∏
i∈I
Fi | ∅ 6= I ⊂ {1, . . . , K}}.
The set RC(V ) has a natural struture of an ordered set: α ≤ β if β fators through α.
Obviously,
piI ≤ piJ if and only if J ⊂ I.
For I = {1 . . . , K} \ {e} set piI = pie, FI = Se. It is obvious that pi1 . . . , piK are the minimal
elements of RC(V ).
Let χ ∈ Bir V be a birational self-map. The map
χ∗:RC(V )→RC(V ),
χ∗:α 7−→ α ◦ χ,
is a bijetion preserving the relation ≤. From here it is easy to onlude that χ∗ is of the form
χ∗: piI 7−→ piIσ ,
where σ ∈ SK is a permutation of K elements and for I = {i1, . . . , ik} we define I
σ =
{σ(i1), . . . , σ(ik)}. Furthermore, for eah I ⊂ {1, . . . , K} we get the diagram
V
χ
−− → V
piI ↓ ↓ piIσ
FI
χI
−− → FIσ ,
where χI is a birational map. In partiular, χ indues birational isomorphisms
χe:Fe − − → Fσ(e),
e = 1, . . . , K. However, all the varieties Fe are birationally superrigid, so that all the maps χe
are biregular isomorphisms. Thus
χ = (χ1, . . . , χK) ∈ BirV
is a biregular isomorphism, too: χ ∈ Aut V . Q.E.D. for Corollary 1.
2 Divisorially anonial varieties
In this setion we prove Theorem 2.
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2.1 Fano hypersurfaes
Let F = FM ⊂ P = P
M
be a smooth Fano hypersurfae. For a point x ∈ F fix a system of
affine oordinates z1, . . . , zM with the origin at x and let
f = q1 + q2 + . . .+ qM
be the equation of the hypersurfae F , qi = qi(z∗) are homogeneous polynomials of degree
deg qi = i. In order to prove that this variety is divisorially anonial, we need stronger regu-
larity onditions (that is, the onditions of general position) for f than those that were used
for proving birational rigidity in [28℄. Set
fi = q1 + . . .+ qi
to be the trunated equation, i = 1, . . . ,M .
(R1.1) The sequene
q1, q2, . . . , qM−1
is regular in Ox,P, that is, the system of equations
q1 = q2 = . . . = qM−1 = 0
defines a one-dimensional subset, a finite set of lines in P, passing through the point x. This is
the standard regularity ondition, whih was used in the previous papers (see [28℄).
(R1.2) The linear span of any irreduible omponent of the losed algebrai set
q1 = q2 = q3 = 0
in CM is the hyperplane q1 = 0 (that is, the tangent hyperplane TxF ).
(R1.3) The losed algebrai set
{f1 = f2 = 0} ∩ F = {q1 = q2 = 0} ∩ F ⊂ P (10)
(the bar ¯means the losure in P) is irreduible and any setion of this set by a hyperplane
P ∋ x is
• either also irreduible and redued,
• or breaks into two irreduible omponents B1 + B2, where Bi = F ∩ Si is the setion of
F by a plane Si ⊂ P of odimension 3, and moreover multxBi = 3,
• or is non-redued and is of the form 2B, where B = F ∩ S is the setion of F by a plane
S of odimension 3, and moreover multxB = 3.
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Set Freg ⊂ F to be the set of Fano hypersurfaes, satisfying the onditions (R1.1 − R1.3)
at every point (in partiular, every hypersurfae F ∈ Freg is smooth). It is lear that Freg is a
Zariski open subset of the projetive spae F .
Proposition 4. For M ≥ 6 the set Freg is non-empty.
Proof is given below in Se. 2.3. For M ≥ 8 in the ondition (R1.3) we may require that
the setion of the set (10) by any hyperplane P ∋ x were irreduible and redued, a general
hypersurfae satisfies this stronger ondition. On the other hand, for M = 4, 5 it is easy to
show that for any hypersurfae F ∈ F there is a point where the onditions (R1.2) and (R1.3)
are not satisfied.
Let us prove the laim (i) of Theorem 2, that is, that the ondition (C) is satisfied for a
regular Fano hypersurfae F ∈ Freg.
Let ∆ ∈ |nH| be an effetive divisor, n ≥ 1, where H ∈ PicF is the lass of a hyperplane
setion, KF = −H . We have to show that the pair (F,
1
n
∆) has anonial singularities.
Assume the onverse. Then for a ertain sequene of blow ups ϕ:F+ → F and an exeptional
divisor E+ ⊂ F+ the Noether-Fano inequality
νE+(∆) > n · a(E
+) (11)
is satisfied. For a fixed E+ the inequality (11) is linear in ∆, so that without loss of generality
we may assume that ∆ ⊂ F is a prime divisor, that is, an irreduible subvariety of odimension
1. From (11) it follows easily that the entre Y = ϕ(E+) of the valuation E+ on F satisfies
the inequality
multY ∆ > n.
On the other hand, it is well known [25,28℄, that for any irreduible urve C ⊂ F the inequality
multC ∆ ≤ n
holds. Thus Y = x is a point. Let ε: F˜ → F be its blow up, E ⊂ F˜ the exeptional divisor
E ∼= PM−2. By Proposition 3, for some hyperplane B ⊂ E the inequality
multx∆+multB ∆˜ > 2n, (12)
holds, where ∆˜ ⊂ F˜ is the strit transform of the divisor ∆.
Let T = TxF ⊂ P be the tangent hyperplane at the point x. The divisor E an be naturally
identified with the projetivization
P(TxT) = P(TxF ).
There is a unique hyperplane B ⊂ T, x ∈ B, suh that
B = P(TxB)
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with respet to the above-mentioned identifiation. Let ΛB be the penil of hyperplanes in P,
ontaining B, and ΛB = ΛB|F ⊂ |H| its restrition onto F . Consider a general divisor R ∈ ΛB.
It is a hypersurfae of degree M in PM−1, smooth at the point x. Let R˜ ⊂ F˜ be the strit
transform of the divisor R. Obviously,
R˜ ∩ E = B.
Set ∆R = ∆|R = ∆ ∩R. It is an effetive divisor on the hypersurfae R.
Lemma 3. The following estimate holds:
multx∆R > 2n. (13)
Proof. We have
(∆˜ ◦ R˜) = ∆˜R + Z,
where Z is an effetive divisor on E. Aording to the elementary rules of the intersetion
theory [8℄,
multx∆R = multx∆+ degZ,
sine multxR = 1. However, Z ontains B with multipliity at least multB ∆˜. Therefore, the
inequality (12) implies the estimate (13). Q.E.D. for the lemma.
Lemma 4. The divisor
TR = TxR ∩ R
on the hypersurfae R is irreduible and has multipliity exatly 2 at the point x.
Proof. The irreduibility is obvious (for instane, for M ≥ 6 one an apply the Lefshetz
theorem). By the ondition (R1.2) the quadri
{q2|E = 0}
does not ontain a hyperplane in E as a omponent, in partiular, it does not ontain the
hyperplane B ⊂ E. Thus the quadrati omponent of the equation of the divisor TR, that is,
the polynomial
q2|B,
is non-zero. Q.E.D. for the lemma.
Let us ontinue our proof of Theorem 2. By Lemmas 3 and 4 we an write
∆R = aTR +∆
♯
R,
where a ∈ Z+ and the effetive divisor∆
♯
R ∈ |n
♯HR| on the hypersurfae R satisfies the estimate
multx∆
♯
R > 2n
♯.
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Moreover, ∆♯R does not ontain the divisor TR as a omponent. Without loss of generality we
an assume the divisor ∆♯R to be irreduible and redued.
Now onsider the seond hypertangent system [28,29,34℄
ΛR2 = |s0f2 + s1f1|R,
where si are homogeneous polynomials of degree i in the linear oordinates z∗. Its base set
SR = {q1|R = q2|R = 0}
is by ondition (R1.3) of odimension 2 in R and either irreduible and of multipliity 6 at the
point x, or breaks into two plane setions of R, eah of multipliity 3 at the point x. In any
ase, for a general divisor D ∈ ΛR2 we get ∆
♯
R 6⊂ SuppD, so that the following effetive yle of
odimension two on R,
∆D = (D ◦∆
♯
R),
is well defined. Sine multxD = 3 and Λ
R
2 ⊂ |2HR|, the yle ∆D satisfies the estimate
multx
deg
∆D >
3
M
. (14)
We an replae the yle ∆D by its suitable irreduible omponent and thus assume it to be an
irreduible subvariety of odimension 2 in R. Comparing the estimate (14) with the desription
of the set SR given above, we see that
∆D 6⊂ SR.
This implies that ∆D 6⊂ TR. Indeed, if this were not true, we would have got
f1|∆D ≡ q1|∆D ≡ 0. (15)
However, ∆D ⊂ D, so that for some s0 6= 0, s1 6= 0 (the divisor D is hosen to be general) we
have
(s0f2 + s1f1)|∆D ≡ 0.
By (15) this implies that
f2|∆D ≡ (q1 + q2)|∆D ≡ 0
(sine s0 6= 0 is just a onstant), so that
∆D ⊂ SR.
A ontradition.
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Thus ∆D 6⊂ TR. Therefore the effetive yle
∆+ = (∆D ◦ TR)
is well defined. It satisfies the estimate
multx
deg
∆+ >
6
M
. (16)
The effetive yle ∆+ as a yle on F is of odimension 4. Now reall the following fat [28℄: if
the Fano hypersurfae F at the point x satisfies the regularity ondition (R1.1), then for any
effetive yle Y of pure odimension l ≤M − 2 the inequality
multx
deg
Y ≤
l + 2
M
holds. Therefore, the inequality (16) for an effetive yle of odimension 4 is impossible.
The proof of the laim (i) of Theorem 2 is omplete.
2.2 Fano double spaes
Let F
σ
→ P = PM be a Fano double spae branhed over a smooth hypersurfae W = W2M ⊂ P
of degree 2M , M ≥ 3. For a point x ∈ W fix a system of affine oordinates z1, . . . , zM on P
with the origin at x and set
w = q1 + q2 + . . .+ q2M
to be the equation of the hypersurfae W , qi = qi(z∗) are homogeneous polynomials of degree
deg qi = i. The regularity ondition is formulated below in terms of the polynomials qi. One
should onsider the three ases M ≥ 5, M = 4 and M = 3 separately. For onveniene of
notations assume that q1 ≡ z1. Set also
q¯i = q¯i(z2, . . . , zM) = qi|{z1=0} = qi(0, z2, . . . , zM).
Now let us formulate the regularity ondition at the point x.
(R2) Let M ≥ 5. We require that the rank of the quadrati form q¯2 is at least 2.
Assume that M = 3 or 4. We require that the quadrati form q¯2 is non-zero and moreover
(i) either rk q¯2 ≥ 2 (as above),
(ii) or rk q¯2 = 1 and the following additional ondition is satisfied. Without loss of generality
we assume in this ase that
q¯2 = z
2
2 .
Now for M = 4 we require that the following ubi polynomial in the variable t,
q¯3(0, 1, t) = q3(0, 0, 1, t)
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has three distint roots.
For M = 3 we require that at least one of the following two polynomials in the variable z3,
q¯3(0, z3) or q¯4(0, z3)
(they are of the form αzm3 , α ∈ C, m = 3, 4) is non-zero.
Set Wreg ⊂ W to be the set of Fano double spaes, satisfying the ondition (R2) at every
point of the branh divisor. It is obvious that Wreg is a Zariski open subset.
Proposition 5. The set Wreg is non-empty.
Proof is given below in Se. 2.3.
Now let us prove the laim (ii) of Theorem 2, that is, that a regular Fano double over F
satisfies the ondition (C).
Assume the onverse: there is an irreduible divisor D ∈ |nH|, H = −KF = σ
∗HP, where
HP is the lass of a hyperplane in P, suh that the pair (F,
1
n
D) is not anonial. Reall the
following fat [26, Proposition 4.3℄: for any irreduble urve C ⊂ F the inequality
multC D ≤ n
holds. (Formally speaking, this inequality was proved in [26℄ for a movable divisor D ∈ Λ ⊂
|nH|, where Λ is a linear system without fixed omponents, however the movability was never
used in the proof.) Now arguing as in Se. 2.1 above, we onlude that the entre of a non-
anonial singularity of the pair (F, 1
n
D) is a point x ∈ F . Again we have the inequality
multxD +multB D˜ > 2n
for some hyperplane B ⊂ E in the exeptional divisor E ⊂ F˜ of the blow up F˜ → F of the
point x.
Case 1. The point z = σ(x) 6∈ W . In this ase let P ⊂ P be the hyperplane suh that P ∋ z
and
F˜P ∩ E = B,
where FP = σ
−1(P ). Suh hyperplane is unique. The divisor FP is obviously irreduible and
satisfies the equality
multx FP +multB F˜P = 2.
Sine FP ∈ |H|, this implies that FP 6= D. Therefore,
Z = (FP ◦D)
is a well defined effetive yle of odimension two on F . We get
degZ = 2n, multx Z ≥ multxD +multB D˜ > 2n,
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whih is impossible. Thus the ase z 6∈ W does not realize.
Case 2. The point z = σ(x) ∈ W . In this ase let
P = TzW ⊂ P
be the tangent hyperplane. Set again FP = σ
−1(P ).
We get FP ∈ |H|, multx FP ≥ 2. The divisor FP is irreduible, so that if FP 6= D, then for
the yle Z = (FP ◦D) we get again
degZ = 2n, multx Z ≥ 2multxD > 2n, (17)
sine multxD ≥ multB D˜. Sine there is no yle Z, satisfying the ondition (17), we onlude
that
FP = D.
Up to this moment we have never used the arguments of general position.
Lemma 5. The pair (F, FP ) is anonial at the point x.
Proof is given below in Se. 2.3. This ontradition ompletes the proof of Theorem 2.
2.3 The regularity onditions
Let us prove Proposition 4. We have to show that the losed set
F \ Freg
of Fano hypersurfaes, non-regular at at least one point, is of positive odimension in F . Let
F(x) be the set of hypersurfaes passing through a point x ∈ P, Freg(x) ⊂ F(x) the set of
hypersurfaes, regular at the point x. It suffies to show that
codimF(x)[F(x) \ Freg(x)] ≥M, (18)
sine F(x) is a divisor in F . For the first ondition (R1.1) it has already been proved in [28℄, so
that we may assume that all hypersurfaes under onsideration satisfy (R1.1). Fix a point x ∈ P
and show that violation of the ondition (R1.2) or (R1.3) imposes at least M onditions on the
hypersurfae F ∋ x (that is, on the polynomial f). As we shall see, the atual odimension of
the set of non-regular hypersurfaes is muh higher, and moreover, the estimate is sharper as
M gets higher. Let
ϕ: F˜ → F
be the blow up of the point x, E ⊂ F˜ the exeptional divisor, E ∼= PM−2. We onsider z2, . . . , zM
as homogeneous oordinates on E, assuming that q1 ≡ z1. Set
gi = qi|E = qi|{z1=0}.
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Now the ondition (R1.2) reads as follows: the linear span of any irreduible omponent of the
set {g2 = g3 = 0} ⊂ E is E.
It is easier to hek the inequality (18) as M gets higher. We onsider in full detail the
hardest ase M = 6. Here E = P4. It is easy to see that reduibility of the quadri
Q = {g2 = 0} ⊂ E
imposes on the polynomial g2 (and thus on q2) 6 independent onditions. Thus for a general
hypersurfae the quadri Q is irreduible at every point x ∈ F . Therefore, we get the following
possibilities for Q:
• the quadri Q is smooth (this is true for a point x ∈ F of general position),
• the quadri Q is a one over a smooth quadri in P3 (this is the ase for the points lying
on a divisor Z1 ⊂ F ),
• the quadri Q is a one with the vertex P1 over a smooth oni in P2 (this happens for
the points x ∈ Z2, where Z2 ⊂ F is a losed set of odimension 3).
Let us onsider eah of these three ases separately.
Assume that the quadri Q is smooth. We have
PicQ = ZHQ,
where HQ is the hyperplane setion. The ondition (R1.2) is violated only in the ase when the
divisor
{g3|Q = 0} ⊂ Q
breaks into two omponents, one of whih is a hyperplane setion. It is easy to hek that this
imposes on the polynomial g3 (and thus on q3) 12 independent onditions, so that for a general
hypersurfae F the ondition (R1.2) is not violated when the quadri Q is smooth.
Note that for an arbitraryM ≥ 6 in the ase of smooth quadri Q violation of the ondition
(R1.2) imposes
1
6
(M3 − 3M2 − 10M + 24)
independent onditions on the polynomial q3, so that the extra odimension of the set of non-
regular hypersurfaes inreases when M grows higher.
Now assume that the quadri Q is a one with the vertex at a point p ∈ E or a line L ⊂ E
and some omponent of the divisor {g3|Q = 0} is ontained in a hyperplane P ⊂ E. Consider
the intersetion P ∩Q. If this intersetion is an irreduible quadri, then we argue as above in
the smooth ase. If P ∩Q is reduible, then
P ∩Q = S1 + S2
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for some planes Si ⊂ Q. Vanishing of the polynomial g3 on a plane S ⊂ Q imposes 10− 1 = 9
independent onditions on g3 and q3, sine the quadri Q ontains a one-dimensional family of
planes.
IfM ≥ 7, then the arguments are similar and the estimates stronger, see the example above.
Thus we have proved that the ondition (R1.2) holds at every point of a general hypersurfae
F ⊂ P for M ≥ 6.
Let us onsider the ondition (R1.3). Let
T = {q1 = 0} ⊂ P
be the projetive tangent hyperplane to the hypersurfae F at the point x, T ∼= PM−1 and
Q = {q2|T = 0} ⊂ T
a quadrati one with the vertex at the point x. To hek the ondition (R1.3) we must inspet
a number of ases. The arguments are of the same type, for this reason we onsider just a few
main examples. Let us explain the sheme of arguments.
Fix the quadri Q and a hyperplane P ∋ x, P ⊂ T. Set QP = Q ∩ P . We look at the
intersetion
QP ∩ F
as a divisor on the quadri QP . Obviously, the quadri QP ∩ F is given by the equation
(q3 + . . .+ qM)|QP = 0,
where the homogeneous polynomials q3, . . . , qM are arbitrary. Now to prove the proposition, it is
neessary to estimate, how many onditions on the polynomials q3, . . . , qM imposes a violation
of (R1.3) for eah type of the quadri QP . Again we restrit ourselves by the hardest ase
M = 6.
Assume at first that Q is a one over a non-singular three-dimensional quadri. In this ase
Q is a fatorial variety. Let P ∋ x be an arbitrary hyperplane. For the quadri QP = Q ∩ P
the two ases are possible:
(1) QP is a one with the vertex x over a non-singular quadri S ⊂ P
3
;
(2) QP is a one with the vertex at a line L ∋ x over a non-singular oni C ⊂ P
2
. This
possibility realizes if and only if the hyperplane P is tangent to Q along the line L.
In its turn, the ase (1) breaks into two subases.
(1A) The set QP ∩F is reduible and at least one of its omponents, say A, does not ontain
the point x. For the divisor A ⊂ QP we get
A ∼ aHP ,
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where HP is the hyperplane setion of the quadri QP and 1 ≤ a ≤ 4. (A little bit later we
explain why a ≤ 4: formally a ≤ 5.) Thus
QP ∩ F = A +B,
where B ∼ (6− a)HP . The affine equation of the hypersurfae F ∩ P ⊂ P takes the form
q+2 + . . .+ q
+
6 = 0,
where q+i = qi|P : that is why a ≤ 4. The equation q
+
2 = 0 defines the quadri QP . The set
of setions of the quadri QP by hypersurfaes F of this form is of dimension 125 whereas for
a ≥ 2
h0(QP ,O(a)) =
(
a+ 4
4
)
−
(
a + 2
4
)
.
Now an easy alulation shows that with the hyperplane P ⊂ T fixed violation of the ondition
(R1.3) imposes on the set of polynomials (q+3 , . . . , q
+
6 ) at least 35 independent onditions. Sine
P ∋ x varies in a 4-dimensional family, we obtain finally that violation of the ondition (R1.3)
of the type (1A) at the point x ∈ F imposes on f at least 31 onditions. Reall that we need
just 6 onditions. Thus for a general hypersurfae F the subase (1A) is impossible.
(1B) Here the set QP ∩ F is reduible and eah of its omponents ontains the point x. In
this ase the following sets are reduible (or everywhere non-redued): the projetivized tangent
one
C = PTx(QP ∩ F )
and the intersetion
C∞ = QP ∩ F ∩H∞
with the hyperplane at infinity H∞ 6∋ x. Sine QP is a one over the smooth quadri S ∼=
QP ∩H∞, both urves C and C∞ an be looked at as urves on the quadri S ∼= P
1 × P1. The
urve C is given by the polynomial q3, the urve C∞ by the polynomial q6. Reduibility of the
urve C (whih is of bidegree (3, 3)) imposes k ≥ 3 independent onditions on the polynomial
q3, and moreover, the value k = 3 orresponds to the ase of general position when C = R+C
+
,
where R ⊂ S is a line and C+ an irreduible urve of degree 5. Reduibility of the urve C∞
(whih is of bidegree (6, 6)) imposes k∞ ≥ 6 independent onditions on the polynomial q6, and
moreover, the value k∞ = 6 orresponds to the ase of general position when C∞ = R∞ +C
+
∞,
where R∞ ⊂ S is a line and C
+
∞ is an irreduible urve of degree 11. However, by the ondition
(R1.1) the hypersurfae F (and thus QP ∩ F ) annot ontain a plane. Therefore a violation of
the ondition (R1.3) imposes on the polynomial f
k + k∞ ≥ 3 + 6 + 1 = 10
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independent onditions. (Taking into aount the polynomials q4 and q5 gives a onsiderably
higher odimension, but we do not need that.) Sine the hyperplane P varies in a 4-dimensional
family (x ∈ P ⊂ T), we get finally at least 6 independent onditions on the polynomial f .
Therefore, on a general hypersurfae F a violation of the ondition (R1.3) of the type (1) is
impossible.
Let us onsider the ase (2). Here the hyperplane P ⊂ T varies in a 3-dimensional family.
Assume that QP ∩ F is reduible. If F 6⊃ L, where L ∼= P
1
is the vertex of the one QP , then
the arguments ompletely similar to the ase (1A) above give the required estimate (18).
The ondition F ⊃ L means that
qi|L ≡ 0, i = 3, 4, 5, 6.
whih gives 4 additional independent onditions on f . Furthermore, it is easy to hek that the
ase
multLQP ∩ F > 2
on a general hypersurfae F is impossible. Let S1, S2 ⊂ QP , Si ⊃ L be a pair of general planes
on QP . The restrition F |Si is a plane urve of degree 6 with the line L as a omponent of
multipliity 1. Reduibility of the residual urves of degree 5 imposes on f at least 6 independent
onditions. As a result, we get at least 7 = 6+ 4 − 3 independent onditions on f at the point
x. Reall that QP ∩ F annot ontain planes by the ondition (R1.1).
The ase when Q is a one over a non-singular three-dimensional quadri is ompleted.
The other ases are inspeted in a similar way. We do not give these arguments beause
they are of the same type and quite elementary. Let us onsider in detail just one more ase
whih is opposite to the ase (1) above. It ours for M = 6 only.
Let Q be a one with the vertex at a plane S ∼= P2 over a oni C ⊂ P2. Moreover assume
that the hyperplane P ontains S, so that
QP = Π1 +Π2 ⊂ P or QP = 2Π
is a pair of 3-planes or a double 3-plane. The set of points x ∈ F where this situation is possible
is two-dimensional. The hyperplane P varies in a two-dimensional family: S ⊂ P ⊂ T. The
hypersurfae F annot ontain planes beause of the ondition (R1.1).
If Π1 6= Π2, then Π1 ∩Π2 = S and
F ∩QP = F ∩ Π1 + F ∩Π2.
Reduibility of the surfae F ∩Πi imposes on F at least 25 onditions so that we may assume
that both surfaes F ∩Πi are irreduible. Obviously,
multx F ∩ Πi ≥ 3.
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However, by the ondition (R1.2) we have
multx F ∩QP = multx F ∩Π1 +multx F ∩ Π2 = 6.
Therefore the ondition (R1.3) holds in this ase, too.
If Π1 = Π2 = Π, the arguments are similar.
This ompletes our proof for M = 6. For M = 7 the arguments are simpler and for M ≥ 8
one an argue like in the ase (1) above.
Q.E.D. for Proposition 4.
Proof of Proposition 5. The set of quadrati forms of rank ≤ 1 in the variables z2, . . . , zM
is of odimension
c(M) =
(M − 1)(M − 2)
2
.
When M ≥ 5 we have c(M) ≥ M , so that (R2) holds at every point x ∈ W for a suffiiently
general polynomial w.
Assume thatM = 4. Here c(4) = 3 = dimW , so that for a general hypersurfae W the on-
dition (R2), (i) is violated at a finite set of points x ∈ W . For a general ubi polynomial q3 the
polynomial q¯3(0, 1, t) has three distint roots: a multiple root gives a ondition of odimension
1 for q¯3. Therefore (R2) holds for M = 4.
Let M = 3. Here c(3) = 1, dimW = 2, so that there is a one-dimensional set of points
x ∈ W where the onditon (i) is violated. It is easy to see that the onditions
q¯3(0, z3) ≡ 0 and q¯4(0, z3) ≡ 0
are independent.
This ompletes the proof of Proposition 5.
Proof of Lemma 5. Sine the hypersurfae W is non-singular, the point x is an isolated
singularity of the hypersurfae
WP =W ∩ P,
where P = TxW . The irreduible divisor FP is the double over of the hyperplane P branhed
at WP . Set p = σ
−1(x) ∈ F , ϕ: F˜ → F the blow up of the point p, E ⊂ F˜ the exeptional
divisor. Assume that the pair (F, FP ) is not anonial. By Proposition 3, for some hyperplane
B ⊂ E the inequality
multp FP +multB F˜P ≥ 3 (19)
holds. However, multp FP = 2 so that the projetivized tangent one
P(TpFP ) = (F˜P ◦ E) (20)
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must ontain the hyperplane B. On the other hand, the tangent one TpFP is given by the
equation
y2 = q¯2(z2, . . . , zM)
(in the notations of Se. 2.2). For M ≥ 5 by the ondition (R2) we get rk q¯2 ≥ 2, so that the
quadri (20) is irreduible and annot ontain B. This proves the lemma for M ≥ 5.
When M = 3, 4 the inequality (19) holds only for those points p where rk q¯2 = 1 and only
for the two hyperplanes
B = {y ± z2 = 0}.
Let M = 4. Loal omputations show that F˜P has exatly three singular points: they lie on the
line
{y = z2 = 0}
and orrespond to the roots of the polynomial q¯3(0, 1, t). Moreover, these three points are non-
degenerate quadrati singularities. Thus the three-fold FP has terminal singularities, so that
the pair (F, FP ) is terminal, the more so anonial, ontrary to our assumption.
Let M = 3. Here E = P2 and
F˜P ∩ E = L+ + L− = {y = ±z2}
is a pair of lines. The only singularity of the surfae F˜P over the point p is the point p
∗ = L+∩L−
of intersetion of these lines. If q¯3(0, z3) 6= 0, then p
∗
is a non-degenerate quadrati singularity,
so that its blow up
ϕ∗:F ∗P → F˜P
gives a non-singular surfae F ∗P . If q¯3(0, z3) ≡ 0, then the exeptional divisor E
∗
of the blow
up ϕ∗ is a pair of lines, E∗ = L∗+ + L
∗
−, so that the only singularity of the surfae F
∗
P over the
point p∗ is the point p♯ = L∗+ ∩ L
∗
−.
It is easy to hek that by the ondition q¯4(0, z3) 6= 0 the point p
♯
is a non-degenerate
quadrati singularity.
Thus in any ase the surfae FP is anonial.
Q.E.D. for the lemma.
3 The onnetedness priniple of Shokurov and Kollar
In this setion we disuss the onnetedness priniple and inversion of adjuntion and prove
Proposition 3.
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3.1 The onnetedness priniple
The following fat is a partiular ase of the general onnetedness priniple [15, Theorem 17.4℄.
Proposition 6 (Shokurov, Kollar). Let x ∈ X be a smooth germ and
D =
∑
i∈I
diDi
an effetive Q-divisor (di ∈ Q+ for all i ∈ I). Let
ϕ: X˜ → X
be a resolution of singularities of the pair (X,D), in partiular, the support of the divisor D˜ is
a divisor with normal rossings. Write down
K
X˜
= ϕ∗(KX +D) +
∑
j∈J
ejEj,
where Ej ⊂ X˜ are prime divisors (either exeptional divisors of the morphism ϕ, or omponents
of the strit transform D˜). Then the divisor⋃
ej≤−1
Ej
is onneted in a neighborhood of every fiber of the map ϕ.
Proof: see [15, Chapter 17℄. Note that the main ingredient of the proof is the Kawamata-
Viehweg vanishing theorem [4,17,43℄.
3.2 Inversion of adjuntion
Inversion of adjuntion follows from the onnetedness priniple. In the general form inversion
of adjuntion is formulated and proved in [15, Chapter 17℄. We use a partiular ase of this
general fat.
Proposition 7 (inversion of adjuntion). Let x ∈ X be a smooth germ, as above, and
D an effetive Q-divisor, D =
∑
i∈I
diDi with 0 ≤ di ≤ 1, x ∈ SuppD. Assume that the point x
is an isolated entre of a non-anonial singularity of the pair (X,D), that is, the pair (X,D)
is not anonial, but its restrition onto X \ {x} is anonial. Let R ∋ x be a smooth divisor,
R 6⊂ SuppD. Then the pair
(R,DR = D|R)
is not log anonial at the point x.
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Proof. For onveniene of the reader we give a proof, following [15, Chapter 17℄. Replaing
D by
1
1 + ε
D
for a small ε ∈ Q+, we may assume that di < 1 for all i ∈ I. The pair (X,D) remains
non-anonial.
Let λ:X+ → X be the blow up of the point x, E = λ−1(x) ⊂ X+ the exeptional divisor,
D+ and R+ the strit transforms of the divisors D and R, respetively. Furthermore, let
µ: X˜ → X+
be a resolution of singularities of the pair (X+, D+ +R+),
ϕ = λ ◦ µ: X˜ → X
the omposite map. Now write down
K
X˜
= ϕ∗(KX +D +R) +
∑
j∈J
ejEj −
∑
i∈I
diD˜i − R˜, (21)
where Ej , j ∈ J , are all exeptional divisors of the morphism ϕ, D˜i and R˜ are the strit
transforms of the divisors Di and R on X˜ , respetively. Set
bj = ordEj ϕ
∗D, aj = a(Ej , X),
j ∈ J . In these notations we get for j ∈ J
ej = aj − bj − rj ,
where rj = ordEj ϕ
∗R. Obviously,
ϕ−1(x) =
⋃
j∈J+
Ej
for a subset J+ ⊂ J . If j ∈ J+, then
rj = ordEj µ
∗R+ + ordEj µ
∗E ≥ 1.
By our assumption the pair (X,D) is not anonial, but anonial outside the point x. Therefore,
there is an index l among j ∈ J+ suh that al < bl. For this index we have
el < −1.
By the onnetedness priniple we may assume that
El ∩ R˜ 6= ∅.
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Now from (21) by the adjuntion formula we get
K
R˜
= (K
X˜
+ R˜)|
R˜
= ϕ∗R(KR +DR) + (
∑
j∈J
ejEj |R˜ −
∑
i∈I
diD˜i|R˜),
where ϕR = ϕ|R˜: R˜→ R is the restrition of the sequene of blow ups ϕ onto R. By what has
been said in the last braket there is at least one prime divisor of the form El|R˜, where l ∈ J
+
,
with the oeffiient stritly smaller than −1. Q.E.D. for Proposition 7.
Here is one more orollary from the onnetedness priniple.
Proposition 8. In the notations of the proof of Proposition 7 assume that the pair (X,D)
is not log anonial, but log anonial outside the point x. Then the following alternative takes
plae:
(1) either multxD > dimX,
(2) or the set
µ(
⋃
bj>aj+1
Ej) ⊂ E
is onneted.
Proof. By the assumptions the laim follows immediately from the onnetedness priniple.
3.3 Proof of Proposition 3
Canoniity is stronger than log anoniity. Therefore one an apply inversion of adjuntion
(Proposition 7) several times, subsequently restriting the pair (X,D) onto smooth subvarieties
R1 ⊃ R2 ⊃ . . . ⊃ Rk,
where R1 ⊂ X is a smooth divisor, Ri+1 ⊂ Ri is a smooth divisor, x ∈ Rk and Rk 6⊂ SuppD.
All the pairs
(Ri, D|Ri)
are not log anonial at the point x. Thus Proposition 7 holds for any smooth germ R ∋ x of
odimension k ≤ dimX − 1. In partiular, it holds for a general surfae S ∋ x. (This fat was
for the first time used by Corti [1℄ in order to obtain an alternative proof of the 4n2-inequality,
see also [34, Proposition 1.5℄.) Thus the pair
(S,DS = D|S)
has at the point x an isolated (for a general S) non log anonial singularity. Let us onsider
the two-dimensional ase more losely. Let x ∈ S be a germ of a smooth surfae, C ⊂ S a germ
of an effetive (possibly reduible) urve, x ∈ C. Consider a sequene of blow ups
ϕi,i−1:Si → Si−1,
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S0 = S, i = 1, . . . , N , ϕi,i−1 blows up a point xi−1 ∈ Si−1, Ei = ϕ
−1
i,i−1(xi−1) ⊂ Si is the
exeptional line. For i > j set
ϕi,j = ϕj+1,j ◦ . . . ◦ ϕi,i−1:Si → Sj,
ϕ = ϕN,0, S˜ = SN . We assume that the points xi lie one over another, that is, xi ∈ Ei, and
that x0 = x, so that all the points xi, i ≥ 1, lie over x:
ϕi,0(xi) = x ∈ S.
Let Γ be the graph with the verties 1, . . . , N and oriented edges (arrows)
i→ j,
that onnet i and j if and only if i > j and
xi−1 ∈ E
i−1
j ,
where for a urve Y ⊂ Sj its strit transform on Sa, a ≥ j, is denoted by the symbol Y
a
.
Assume that the point x is the entre of an isolated non log anonial singularity of the pair
(S,
1
n
C)
for some n ≥ 1. This means that for some exeptional divisor E ⊂ S˜ the inequality
νE(C) = ordE ϕ
∗C > n(aE + 1), (22)
holds, where aE is the disrepany of E. Without loss of generality we may assume that E = EN
is the last exeptional divisor. The inequality (22) is alled the log Noether-Fano inequality.
For i > j let the symbol pij denote the number of paths in the graph Γ from the vertex
i to the vertex j. For i < j set pij = 0. Set also pii = 1. In terms of the numbers pij the log
Noether-Fano inequality (22) takes the traditional form
N∑
i=1
pNiµi > n(
N∑
i=1
pNi + 1), (23)
where
µi = multxi−1 C
i−1.
Proposition 9. Either µ1 > 2n (that is, the first exeptional divisor E1 ⊂ S1 already gives
a non log anonial singularity of the pair (S, (1/n)C)), or N ≥ 2 and the following inequality
holds:
µ1 + µ2 > 2n.
34
Proof. If N = 1, then µ1 > 2n by means of log Noether-Fano inequality. Assume that
µ1 ≤ 2n, then N ≥ 2. Obviously, µ1 > n. If µ2 ≥ n, then µ1+µ2 > 2n, as we laim. So assume
that µ2 < n. Then for eah i ∈ {2, . . . , N} we have µi ≤ µ2 < n (sine the point xi−1 lies over
x1). Therefore from the inequality (23) we get
pN1(µ1 − n) +
N∑
i=2
pNi(µ2 − n) > n.
However,
pN1 =
∑
j→1
pNj ≤
N∑
i=2
pNi,
so that the more so
N∑
i=2
pNi(µ1 + µ2 − 2n) > n.
Therefore µ1 + µ2 > 2n. Q.E.D. for the proposition.
Proof of Proposition 3. We prove Proposition 3 in the following form:
let (X,D) be a pair as in Proposition 8, λ:X+ → X the blow up of the point x, E ⊂ X+
the exeptional divisor, E ∼= Pe, e = dimX − 1. Then there exists a hyperplane B ⊂ E suh
that
multxD +multBD > 2, (24)
where D+ is the strit transform of D on X+.
Proof. Consider a general surfae S ∋ x. The pair (S,DS) is not log anonial, but log
anonial outside the point x. By Proposition 8, either
multxDS > 2,
but in this ase multxD > 2 and the inequality (24) holds in a trivial way for any hyperplane
B ⊂ E, or the entres of all non log anonial singularities on S+ (that is, the strit transform
of S on X+) are ontained in a proper losed onneted subset
ZS ⊂ ES = E ∩ S
+ ∼= P1.
Obviously, ZS is a point yS ∈ ES. Sine the surfae S is general, there is a hyperplane B ⊂ E
suh that
yS = B ∩ S
+.
By Proposition 9, the inequality
multxDS +multyS D
+
S > 2
holds. This immediately implies the inequality (24) and Proposition 3.
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